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1. Introduction

Since the exploration of rotatable designs by Box and Huntei[l]
a good number of researchers have worked on the rotatable designs
of symmetric type. But there are certain situations in practice,
where it is desirable to include different number of levels for different
factors. Keeping this end in view, Mehta and Das [3] suggested a
method of constructing rotatable designs which are asymmetric in
nature.

This note suggests a simple technique of obtaining asymmet
rical rotatable designs (ARD) split into blocks which are generated
through the operation of orthogonal transformation on the blocks ol
suitable symmetrical rotatable designs.

2. Construction of ard with Blocks

Let there are 'i' blocks in a symmetrical second order rotatable
design (SORD), either central composite or derived from Balanced
Incomplete Block Design (BIBD). Let further D be the (/zXv) matrix
of the design points of a block of the SORD, where v is the numbei
of factors present in the SORD and n is the number of design points
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in the particularblock. Then the design matrix, D is given by

•"^11 ^21

^22 ^e2

(0

D =

Xin X2n ••• X^n

where Xiu denotes the level of /-th factor in the ^^th experimental
point (treatment combination) of the block of the SORD, i = l, 2,...
Vand z/=l, 2,

]f theblocking arrangement in the symmetrical, SORD is ortho
gonal then the design points of D given in (2.1) will satisfy the
following relations (Box and Hunter [1]) :

2 0,
U

(//) Sxj,, Xju—0,
u

m S Xiu--- n\

N

(/-1.2, ... v)

',7=1. 2, •••, v)

(/=1, 2, ..., V)

...(2.1)

...(2.2)

where >^2=^] ^ number of design points

in the SORD.

We, then have,

Xji Xi2 ... Xjn

D'D =
X21 X22 ••• ^2n

X^l X^2 Xicn

n\ 0 ... 0

0 n\ ... 0

0 0 /A2 -

i.e. D'D =nX2 /„

:vn xzi ...

^12 ^23 '** ^V2

Xin Xin ••• Xm

/ by the relations (/7) \
V and (///) of (2.2) )

...(2.3)



ASYMMETRICAL ROTATABLE DESIGNS 93

where D' is the transpose of the matrix D and is unit matrix of
order v.

Let A be a matrix defined as

A=DT ...(2.4)
where T is a (v X v) orthogonal matrix and D is as defined earlier.

Now, if and denote respectively the elements of the matrices

A and T, then (2.4) can be written as
V V V

...

I i i

V V V

•••

• • •

• •

• •

V V V

^X{ntzi • ...
i i

Thus it follows that any element of the transformed matrix A can be
expressed as

(m=1, 2 n)

^21

'^22 •••<2

'-2 Xiutji, ...(2.5)

Utilizing the above transformation, therefore, one can get the point

. ^2^^ •••' froi" the design point (xj,,, x^^)- Since

x'j^ need not be equal to Xi„, the transformed levels of any factor

may be different from its original levels and the different factors may
also have different levels.

Now, since D is the design matrix of a block of symmetrical
SORD, the matrix A can also be considered as the design matrix of
a block {i.e., the rows of the matrix A can be considered as the
design points or treatment combinations of a block) of a new SORD
in which the factors may have different number of levels, provided,

(fl) takes the form as that of D'D shown
earlier in (2.3) and

(6) the elements of the matrix A satisfy the
n

relation, ^ =0, (;=1,2, ..., v)
u

...(2.6)
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We now prove the following : -

Leema. The matrix A as defined in (2.4) satislies the conditions
(a) and (b) given'in (2.6).

Proof. We need show only the condition {b). since the condi
tion (a) can easily be proved from (2.4) with the help of relation (2.3).

We have from (2.5)

V

Yi '̂ 2, ..., v) (i/= 1,2,..., n)
i

n /r V

then " 2 2] £
// It i

-(2"-) (2"')
1/ /

n n

ie-, since, ^ Xi„=0 ^ .. (2.7)
II u

Hence the lemma.

Thus all the conditions given in (2.6) are satisfied by the
elements of the transformed matrix A. Hence the rows of the

matrix A can be considered as design points of a block of a new
SORD in which the factors having different number of levels. In
this way, when all 'b' blocks of the symmetrical SORD are operated
(by post multiplication) with suitably chosen (vXv) orthogonal matrix
separately, the resulting product gives rise to 'F blocks of a new
SORD which is symmetric in nature. As shown by Mehta and Das[3]
we can always find suitable transformation matrix which gives the
transformed design to be an asymmetrical rotatable design.

(

3. Illustrative Example

Consider the symmetrical SORD in 4 factors having 3 blocks
of 9 each obtained from the 5/5 design with parameters v=4, 6 = 6,
>•=-3, k=2, A=1 (this is a resolvable BIB design). This symmetrical
SORD with blocks has been constructed following the method of
Dey and Das[2]. Each factor of the original is having 3 levels,
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viz.,(0and±a).Operatingtiefollowing(4x4)orthogonal
(transformation)matrix

-3

-1

1

V20

3

V20

-I

4

-1

3

v/M

-3

V20

1

•y/M_

oneachblockoftheoriginalSORDseparately,wehavetheblocksof
transformedasymmetricalrotatabledesignasshownbelow:

BlockI

OriginalblocksTransformedblocks
aa00a—4a/x02alx
a—a000—2alxa—Aajx

—a+a0002ajx—a4ajx
—a—a00—a4ajx0—2afx

00aaa4fl/x0—2alx
00a—a0—2a/x—a—Aajx
00—aa02alxaAajx
00—a—a—a—Aajx02alx
00000000

Block11

OriginalblocksTransformedblocks

a0a0a—2aix0—Aajx
a0—a00—4a/xa2a'x

—a0a00Aajx—a—2ajx
—a0—a0—a2alx0Aajx

0a0aa2alx04a/x
6a0—a0—Aajx—alajx
0-a0a0Aajxa—2alx
0—a0—a—a—2alx0—Aajx
00000000

BlockIII
Originalblocks

a00a

a00-a
—a00a
—a0,0—a

0fl0
0a—aQ
0—aa0
Q—a—a0
0000

Herex=V20.

Transformedblocks
a0fl0
0—6alx
06alx

—a0
a0
0—2fl/x
0lajx

-a0
00

0-2alx
0-2aIX

—a0
-a0

06ajx
0—6a/x
a0
00
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We, therefore, see that the transformed design is an asymmetri
cal of the type 3^x7^ whereas the original one is a 3^
symmetrical Again, operating the following (4x4) ortho
gonal matrix

1 1

x/2 V2

1 -1

V2 V2

0 0

0 0

0

1

on the same symmetrical SORD, we have the transformed asymmetri
cal SORD of the type 9 X3^ the levels of first two factors being
(0, ±al\/2, ±\/2a) and those of last two factors remaining
unchanged (i.e., 0, ±a).

Summary

A method of constructing Asymmetrical Ratatable Designs
(ARD) with blocks has been presented with an illustrative example.
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